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tion of the second degree, in which x and y' are the two indeterminates, and a, 
b> c > f> 9> h being integers. 

Solving this equation as a quadratic in x', and transposing hy' +g, we have 

ax' + hy'+g=±i/[(h*-ab)y , *+2(hg-af)y'+(g*—ac)-]....(l). 

In order that the values of x' and y' may be positive integers, the expres- 
sion in (1) under the radical, which we may denote by Ay' 2 -\-2qy'-\-r, must be a 
perfect square ; that is, 

Ay' 2 -\-2qy' -\-r=t 2 , suppose, ....(2). 

Solving (2) as a quadratic in y', we have, after squaring each member, 

(_Ay'q+) 2 =At 2 + (q 2 -Ar)....(B). 

Now set Ay'-\-q=u, q 2 —Ar=B, and transpose AP, then (3) becomes 

u*-At 2 =B....(£). 

Since u and t may be fractional, assume u—x/z and t=y/z, then substitute 
in (4), and we get x 2 — Ay 2 —Bz 2 . 

Also solved by the PROPOSER. 



AVERAGE AND PROBABILITY. 

120'. Proposed by L. C. WALKER, A. M., Graduate Student. Leland Stanford Jr. University, Cal. 

If a given ellipse be placed at random on another equal ellipse, find the chance that 
the center of the first will fall on the second. 

Solution by 6. B. M. ZEEE, A. M., Ph. D., Professor of Chemistry and Physics in The Temple College, Phila- 
delphia, Pa. 

Let the one ellipse, center B, move parallel to itself so that it is always 
tangent to the other fixed ellipse, center A, at some point P. Let AG, PC be the 
directions of the axes-majores of the ellipses each 
semi-axes a, b. Let A be the origin, AC axis of ab- 
scissas; (x, y), coordinates of P;(m, n), coordinates 
of B; 0=/_ACB. Draw PF, AG perpendicular to 
BG; PD, BE perpendicular to AC; BQ parallel to 
AG; DI, FQ parallel to BC. 

Then AG=AL+BQ=msmO-{-noosO, 
BG=QE—LF=nsin0~m(3Os0. 

PF=AG—AH—IP=(m—x)smd-l- (_n—y) cos0. 

BF=BG + ED— DI=(n — y) sine — (m — x)qos0. 

.-. The equation to ellipse, center B, is 
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\_(m— s)oosfl— («— y)sinfl] 8 , [(w— x)$in6-\-(n— y)cosfl] 8 _.. ...... 

^ + & 2 -i.. ..<.i;. 

The equation to ellipse, center A, is 

x s /a s +yWi 2 =1— ■ (2). 

The invariant of these equations are 

a = a j=— a 4 & 4 . 

@=a 2 & 8 [& 8 (w 8 + n* ) +c(msin0+Mcos0) 8 — c 8 sin 8 0— 3a 8 ft 2 ]. 

© 1 =a 8 6 8 [6 2 m 2 +a 8 H 8 — c 2 sin 2 0— 3a 2 & 8 ), where c=a*-b 2 . 

Let »w=reos<p, «.=rsin<7>. 

.-. @=a 8 & 8 {r 8 [a 2 sin 8 (0+<p)+& 8 cos 2 (0+<p)]-c 2 sin 8 0-3a 8 & 2 } 
=a 2 b 2 (r 2 A— c 2 sin s 0— 3a 8 6 2 ), suppose. 

©j =a 2 & 2 [> 2 (a 8 sin 2 ^+& 8 eos 2 ?>) -c 2 sin 2 0— 3a 8 & 2 ] 
=a 8 & 2 (r 2 .B-c 2 sin 8 0-3a 2 & 2 ), suppose. 

The condition that the ellipses should touch is 

The locus of B is 

A*B s r< i —2(A + B)[(5a 2 V- + c^rn^^B— 2a 2 & 3 (A 2 +B 2 )>« 

+[(.A 8 +.B 2 )(c 4 sin 4 0— 6a 2 & 2 c 8 sin 2 0-27a 4 & 4 ) + 2 J i.B(2c 4 sin 4 

+ 12a 2 & 2 c 2 sin 2 <?H-27a 4 6 4 )> 4 -2c 4 sin 4 0(A + B)(3a s & 8 +c 2 sin 2 O)r 2 
+c 6 sin 6 «(4a 2 6 2 +c 2 sin 2 0)=O. 

This equation represents two loci, one when the moving ellipse is tangent 
externally, the other when the moving ellipse is tangent internally. 
If a is the average area of the former, the chance is p=nab/a. 

121. Proposed by G. B. M. ZEEE, A. M.. Ph. D.. Professor of Chemistry and Physics, The Temple College, 
Philadelphia, Pa. 

Find the average area of the pentagon formed by joining five random points on the 
surface of a given circle. 

Solution by the PROPOSER. 

Let a=radius of given circle, A— its area, A =required average, a ^av- 
erage area when the five points are taken on both the circle A and a concentric 
annulus B, a , =average area when four points are taken on A and one on B. 



